Abstract. We prove some results giving positive answers to the perturbation classes problem for semi-Fredholm operators acting on Banach lattices satisfying certain conditions, and we show that these results can be applied to some Lorentz and Orlicz function spaces.
Introduction
In [19, Theorem 5 .2] Kato proved that the upper semi-Fredholm operators Φ + are stable under additive perturbation by strictly singular operators SS: given Banach spaces X and Y for which Φ + (X, Y ) is nonempty, the set of strictly singular operators SS(X, Y ) is contained in the perturbation class of Φ + (X, Y ), defined as follows:
Vladimirskii [28, Corollary 1] proved that the lower semi-Fredholm operators Φ − are stable under additive perturbation by strictly cosingular operators SC; i.e., SC(X, Y ) ⊂ P Φ − (X, Y ) when Φ − (X, Y ) is nonempty. The question whether the equalities SS(X, Y ) = P Φ + (X, Y ) and SC(X, Y ) = P Φ − (X, Y ) are satisfied when the perturbation classes are defined was raised by Gohberg, Markus and Feldman [11, page 74] for SS and P Φ + , and both questions were stated in [26, 26.6.12] ; see also [27, Section 3] . These questions are referred to as the perturbation classes problem for semi-Fredholm operators.
Some partial positive answers to the perturbation classes problem were obtained in [20, 29, 1, 2] , but it was proved in [12] that the answer is negative in general: There exists a separable, reflexive Banach space Z for which P Φ + (Z) ̸ = SS(Z) and P Φ − (Z * ) ̸ = SC(Z * ). Further negative answers can be found in [10] and [13] .
Although the answer to the perturbation classes problem for Φ + and Φ − is negative in general, it is still interesting to find spaces X and Y for which P Φ + (X, Y ) = SS(X, Y ) or P Φ − (X, Y ) = SC(X, Y ), because in these cases we have intrinsic characterizations of the operators K in the perturbation classes, i.e., characterizations involving the action of K, instead of the properties of the sums of K with all the operators in Φ + (X, Y ) or Φ − (X, Y ). Moreover, the spaces that appear in the counterexamples in [12, 10, 13] are very special: they involve finite products in which at least one of the factors is an indecomposable space. The existence of Banach spaces of this kind was only recently proved by Gowers and Maurey [17] .
Positive results showing that SS(X, Y
holds when X or Y satisfy some conditions have been recently obtained in [16] , [15] and [10] . We refer to the introduction of [10] for a description of these results.
In this paper we apply some Banach lattice techniques to obtain further positive answers to the perturbation classes problem for semi-Fredholm operators. In Section 2 we prove a result for P Φ + for spaces satisfying some technical conditions, and we derive a result for P Φ − from it (Theorems 7 and 8). In Section 3 we show that these two results can be applied to some Lorentz and Orlicz function spaces.
We will use standard notation. If X is a Banach space, S X stands for its unit sphere, and [x 1 , . . . , x n ] is the linear span of x 1 ,. . . ,x n ∈ X. The class of (bounded, linear) operators between Banach spaces X and Y will be denoted by L(X, Y ), and we will write
is finite-dimensional and its range R(T ) is closed; and T is lower semi-Fredholm if R(T ) is finite-codimensional and closed in Y .
The classes of all upper semi-Fredholm and lower semi-Fredholm operators will be denoted by Φ + and Φ − , respectively. It follows from the basic duality relations for operators that T ∈ Φ + if and only if T * ∈ Φ − and T ∈ Φ − if and only if T * ∈ Φ + . An operator T ∈ L(X, Y ) is strictly singular if the restriction of T to an infinitedimensional closed subspace E is never an isomorphism; T is strictly cosingular if given a closed infinite-codimensional subspace F of Y the composition Q F T is never surjective, where Q F is the quotient operator onto Y /F . We refer to [14] for an exposition of the perturbation theory for semi-Fredholm operators. An operator T ∈ L(X, Y ) is ℓ p -singular if it is not an isomorphism when restricted to any subspace isomorphic to ℓ p .
If X is a Banach lattice, then T ∈ L(X, Y ) is disjointly strictly singular if it is not an isomorphism when restricted to any subspace spanned by a disjoint sequence, and T is AM-compact if the image of every order interval is a relatively compact set.
Main results
The following perturbation result is essentially known; we include it here for the convenience of the reader. 
Proof. If S(M )∩N is already infinite-dimensional, the proof is finished by taking K = 0, so we only have to deal with the case where S(M ) ∩ N is finite-dimensional; by passing to a finite-codimensional subspace of N , we can further assume that
First, since S(M ) + N is not closed, there exist x 1 ∈ S M and y 1 ∈ N such that ∥S(x 1 ) − y 1 ∥ < 1/2, and then there also exists x Assume now that we have 
Lemma 2. Let X be a Banach space, let Y be a Banach space containing an isomorphic copy Z of X, let M be an infinite-dimensional complemented subspace of X and let S : X −→ Y be an operator such that S| M is an isomorphism. Then: (i) if S(M )∩Z is finite-dimensional and S(M )+Z is closed, then S /
Proof. (i) Let U : X −→ Z be an isomorphism, let H be a complement of M in X, and define the operator T : Proof. Let x ∈ X + and denote by E x the closed ideal of X generated by x. Since X is q-concave for some 2 < q < ∞ [22, Corollary 1.f.9], we have L q (µ) → E x → L 1 (µ) for a certain probability measure µ [18, p. 14] .
Let (f n ) n∈N be a sequence in [−x, x], which means that (f n ) n∈N is uniformly bounded in E x . Since the order intervals in X are weakly compact, we can assume that (f n ) n∈N is weakly null without loss of generality. If (f n ) n∈N is not seminormalised, it has a convergent subsequence, and so has (T f n ) n∈N .
Otherwise, take p > q; then (f n ) n∈N is also weakly null and seminormalised in L p (µ). Moreover, using [8, Lemma 1.4 ] and passing to a subsequence, we can assume that (f n ) n∈N is equivalent to the unit vector basis of ℓ 2 in L p (µ). Since a normalised disjoint sequence in L p (µ) spans a subspace isomorphic to ℓ p , the span of (f n ) n∈N has to be strongly embedded in L p (µ) [8, Proposition 1.1] . This means that the L p (µ) and L 1 (µ) topologies coincide on the span of (f n ) n∈N , and so (f n ) n∈N is equivalent to the unit vector basis of ℓ 2 in E x , too. By hypothesis, (T f n ) n∈N is relatively compact in this case as well, finishing the proof.
Recall that a Banach lattice Y satisfies a lower 2-estimate if there exists a constant C such that for every choice of pairwise disjoint elements (
Remark 4. Proposition 3 can be used, of course, under the stronger assumption that (T f n ) n∈N is relatively compact for any sequence (f n ) n∈N equivalent to the unit vector basis of ℓ 2 , not just those that are order-bounded. This is equivalent to requiring that T U be compact for every isomorphic embedding U : ℓ 2 −→ X, as is the case when 
Proof. We will first prove that S is ℓ 2 -singular. Assume, to the contrary, that there exists a subspace M ⊆ X isomorphic to ℓ 2 such that S| M is an isomorphism. By hypothesis, M can be assumed to be complemented. Let Z be an isomorphic copy of X in Y ; then, by Lemma 2, there exists a compact operator K ∈ L(X, Y ) such thatS(M ) ∩ Z is infinite-dimensional, whereS = S + K ∈ P Φ + (X, Y ). By passing to a subspace of M , we can further assume thatS| M is an isomorphism and thatS(M ) ⊆ Z. Now, again by hypothesis,S(M ) must contain a subspace complemented in Z, so it is possible to find subspaces N ⊆ M and H ⊆ Z such that Z =S(N ) ⊕ H and H is isomorphic to X. But then Lemma 2 provides S / ∈ P Φ + (X, Y ), a contradiction, so S must indeed be ℓ 2 -singular. To finish the proof, take any isomorphism U ∈ L(ℓ 2 , X); then SU ∈ SS(ℓ 2 , Y ) = K(ℓ 2 , Y ), so Proposition 3 can be applied and S is AM-compact.
Throughout the following result we will make liberal use of this well-known fact (see, for instance, [3, Proposition 2.2.1]): If M is isomorphic to ℓ p , for some 1 ≤ p < ∞, then every infinite-dimensional closed subspace of M contains a further subspace N such that N is isomorphic to ℓ p and complemented in M . As a consequence, if M is a complemented subspace of X, then so is N . Let Y be a Banach space containing an isomorphic copy of X and let S ∈ P Φ + (X, Y ). Then S is disjointly strictly singular.
Proof. Assume, to the contrary, that there exists a subspace M ⊆ X, spanned by a sequence of disjoint elements, such that S| M is an isomorphism. By (i), we can assume M to be complemented and isomorphic to ℓ p .
Take Z to be an isomorphic copy of X in Y ; then, by Lemma 2, there exists a compact operator K ∈ L(X, Y ) such thatS(M ) ∩ Z is infinite-dimensional, wherẽ S = S + K ∈ P Φ + (X, Y ). By passing to a subspace of M , we can further assume thatS| M is an isomorphism and thatS(M ) ⊆ Z, while M is still complemented in X.
Now, by hypothesis (ii), there exist subspaces N ⊆S(M ) and H ⊆ Z such that N is infinite-dimensional, H is isomorphic to X, N ∩ H = 0 and N + H is closed. ThenS|

−1
M (N ) ⊆ M , which is isomorphic to ℓ p and complemented in X, so there is
G ⊆ S| −1
M (N ) again isomorphic to ℓ p and complemented in X. But this means that S(G)∩H = 0 andS(G)+H is closed, contradictingS
Combination of Propositions 5 and 6 brings the following.
Theorem 7. Let X be a Banach lattice with finite cotype such that (i) every copy of ℓ 2 in X contains a complemented copy; (ii) there exists p ∈ (1, ∞) such that every subspace of X spanned by a disjoint sequence contains a further subspace that is complemented in X and isomorphic to ℓ p ; (iii) for every subspace M of X isomorphic to ℓ p , there exist subspaces N ⊆ M and H ⊆ X such that N is infinite-dimensional, H is isomorphic to X, N ∩ H = 0 and N + H is closed. Let Y be a Banach space containing an isomorphic copy of X and such that SS(ℓ
Proof. Let S ∈ P Φ + (X, Y ); then, by Propositions 5 and 6, S is both AMcompact and disjointly strictly singular, so S ∈ SS(X, Y ) [ 
This proof relies on the fact that SC(X,
; it is not difficult to see that, in fact, the converse also holds.
Applications
While the conditions described in the hypotheses of Theorem 7 are somewhat technical, they are readily satisfied by large classes of Banach spaces, such as some Lorentz and Orlicz function spaces.
We begin with a straightforward lemma that will be useful later. If X is a Köthe function space on [0, 1] , that is, a Banach lattice which is lattice-isomorphic to a (not necessarily closed) ideal of L 1 , and 0 ≤ a < b ≤ 1, we will write X(a, b) for the subspace of X consisting of all functions f ∈ X such that f = f χ [a,b] . We will say that a closed subspace M of a Köthe function space on [0, 1] is strongly embedded when the natural inclusion of M into L 1 is an isomorphic embedding. Proof. Assume otherwise; then, for every n ∈ N, we can find f n ∈ S M and g n ∈ X(
−n , this means that (a subsequence of) (g n ) n∈N is disjointly supported and seminormalised in L 1 , hence equivalent to the unit vector basis of ℓ 1 , and so must be (f n ) n∈N . But this is impossible since M is reflexive.
Our first application of Theorem 7 will be to the class of L p,q spaces, for suitable values of p and q. Recall that, given 1 < p < ∞ and 1 ≤ q < ∞, the space L p,q (I) is the space of (equivalence classes of) measurable functions f on I such that ∥f ∥ p,q < ∞, where
here, f * is the decreasing rearrangment of |f |. We will only be concerned with I = [0, 1] or I = [0, ∞), and will generally follow [4] when dealing with these spaces. 
Proof. (i) Let M be a copy of ℓ 2 in L p,q (I). If M contains a complemented copy of ℓ q , it must be q = 2 and we are done.
Otherwise, if I = [0, 1], M is strongly embedded in L p,q (0, 1). In this case, take any 1 < r < p; then M is a copy of ℓ 2 in L r (0, 1) and there exist
; if M contains a complemented copy of ℓ q , it is easy to find a further subspace of M whose complement is isomorphic to L p,q (I), so we need only check the case where M does not contain a complemented copy of ℓ q .
If
, and therefore in L r for 1 < r < p, hence M is reflexive. By Lemma 9, there exists H :
If I = [0, ∞), there exists s ∈ I such that P s is an isomorphism on M and P s (M ) is strongly embedded in L p,q (0, s). By the previous paragraph, there exists a subspace 
Proof. L p,q (I) is a Banach lattice with finite cotype [6, Theorems 3.5 and 3.6]; apply Theorem 7 and Proposition 11.
This loss in the range of p and q is partially compensated by the fact that, for 2 < p < ∞, the space L p,q (I) is strongly subprojective [15, Proposition 2.4], so a similar conclusion would follow from [15, Theorem 2.6] .
This result can be applied, for instance, to the following spaces. 
f * is the decreasing rearrangement of |f |. These spaces were studied in [7] . We need the following auxiliary result.
Lemma 14. Let 1 ≤ p < ∞, let W be a Lorentz weight function and let 0 ≤ a < b ≤ 1. Then Λ(W, p)(a, b) is isomorphic to Λ(W, p).
(iii) Let M be a copy of ℓ p in Λ(W, p); then either M contains a complemented copy of ℓ p , or M embeds isomorphically into L p [7, Remark 5.6] . If M contains a complemented copy of ℓ p , it must also contain a copy whose complement is Λ(W, p). Otherwise, if M embeds isomorphically into L p , it must be strongly embedded in L p and, by Lemma The proof is similar to that of Theorem 8. Note that Y is reflexive in all cases.
